Abstract. In this paper we give the integral representation of the power of the quantum white noise (QWN) Euler operator (∆ Q E ) ρ , for ρ ∈ N, in terms of the QWN-derivatives {D 
Introduction
As an infinite dimensional analogue of the Euler operator defined on
, the operator
·, e k ∂ e k , (1.1) was investigated in [4, 5] , where ∆ G and N are the infinite dimensional Laplacians initiated by Gross [8] and Piech [25] , respectively, {e n ; n ≥ 0} is an arbitrary orthonormal basis for L 2 (R), ∂ e k denotes the holomorphic derivative in the direction e k acting on the test function space F θ (S ′ C (R d )). For details see [20] . In our previous paper [2] , the existence of a solution of the Cauchy problem associated with the Euler operator ∆ E in the basis of nuclear algebra of entire functions is investigated. More precisely, for two linear continuous operators K 1 and K 2 from the complexification of some nuclear space into its topological dual space, the (infinite dimensional) Euler operator is defined as follows As a generalization of (1.3), the operator (α∆ G + βN ) ρ , α, β ∈ C, ρ ∈ N is studied in [6] in the space of test and generalized white noise functionals. For each positive integer ρ, the explicitly one-parameter semigroup and cosine family of operators is given on an appropriate test space of which infinitesimal generator is (α∆ G + βN )
ρ . As an application, the existence and uniqueness of solutions of the Cauchy problems for the first and second order differential equations associated with the operator (α∆ G + βN ) ρ are studied. In [3] , by using the new idea of QWN-derivatives pointed out by Ji-Obata in [15, 14] , the quantum analogous ∆ Q E of (1.2) is defined as the sum ∆ 
M ·,z is the classical multiplication operator by the distribution ·, z and σ is the Wick symbol defined in (2.5).
In the present paper, by using the QWN-derivatives and their adjoints, the power of the QWN-Euler operator (∆ Q E ) ρ , for ρ ∈ N, is studied. The first main result is the functional integral representation of (∆ Q E ) ρ in terms of the QWN-derivatives {D ρ . The paper is organized as follows. In Section 2, we briefly recall well-known results on nuclear algebra of entire holomorphic functions, then we recall the creation derivative and annihilation derivative as well as their adjoints. In Section 3, we give an integral representation of the power of the QWN-Euler operator. In Section 4, we solve the Cauchy problem associated to the power of the QWN-Euler operator and we give an integral representation of the solution.
Preliminaries
Let H be the real Hilbert space of square integrable functions on R with norm | · | 0 , E ≡ S(R) and E ′ ≡ S ′ (R) be the Schwartz space consisting of rapidly decreasing C ∞ -functions and the space of the tempered distributions, respectively. Then the Gel'fand triple E ⊂ H ⊂ E ′ (2.1) can be reconstructed in a standard way (see Ref. [20] ) by the harmonic oscillator A = 1 + t 2 − d 2 /dt 2 and H. The eigenvalues of A are 2n + 2, n = 0, 1, 2, · · · , the corresponding eigenfunctions {e n ; n ≥ 0} form an orthonormal basis for L 2 (R) and each e n is an element of E. In fact E is a nuclear space equipped with the Hilbertian norms |ξ| p = |A p ξ| 0 , ξ ∈ E, p ∈ R and we have E = proj lim
where, for p ≥ 0, E p is the completion of E with respect to the norm | · | p and E −p is the topological dual space of E p . We denote by N = E + iE and N p = E p + iE p , p ∈ Z, the complexifications of E and E p , respectively.
Spaces of holomorphic functions.
Throughout the paper, we fix a Young function θ, i.e. a continuous, convex and increasing function defined on R + and satisfies the two conditions: θ(0) = 0 and lim x→∞ θ(x)/x = +∞. The polar function θ * of θ, defined by
is also a Young function (see Refs. [7] and [21] ). The projective system {Exp(N −p , θ, m); p ∈ N, m > 0} gives the space
It is noteworthy that, for each ξ ∈ N , the exponential function e ξ (z) := e z,ξ , where z ∈ N ′ , belongs to F θ (N ′ ) and the set of such test functions spans a dense subspace of F θ (N ′ ). In the remainder of this paper we use the natation F θ to denote F θ (N ′ ). We are interested in continuous operators from F θ into its topological dual space F * θ . The space of such operators is denoted by L(F θ , F * θ ) and assumed to carry the bounded convergence topology. For z ∈ N ′ and ϕ(x) with Taylor expansions
We can check that the limit always exists,
′ we simply write a t instead of a(δ t ). By a straightforward computation we have
(2.4)
Similarly as above, for ψ ∈ G θ * (N ) with Taylor expansion ψ(ξ) = n ψ n , ξ ⊗n where ψ n ∈ N ′⊗n , we use the common notation a(z)ψ for the derivative (2.3).
where
In other words, all holomorphic functions g in
where θ n = inf r>0 e θ(r) r n , for n ∈ N. Then using the kernel theorem and the reflexivity of the space F θ , we obtain the following characterization Theorem.
The Wick symbol map realizes a topological isomorphism between the space L(F * θ , F θ ) and the space H θ (N ⊕ N ). 2.2. QWN-Derivatives. It is a fundamental fact in QWN theory [20] (see, also Ref. [16] ) that every white noise operator Ξ ∈ L(F θ , F * θ ) admits a unique Fock expansion 
It is noteworthy that {Ξ a,b ; a, b ∈ N } spans a dense subspace of L(F * θ , F θ ), where
From Refs. [13] and [14] , (see also Refs. [15] and [1] ), we summarize the novel formalism of QWN-derivatives. For ζ ∈ N , then a(ζ) extends to a continuous linear operator from F * θ into itself (denoted by the same symbol) and a * (ζ) (restricted to F θ ) is a continuous linear operator from F θ into itself. Thus for any white noise 
Moreover, their dual adjoints are given by
Power of the QWN-Euler Operator
Recall from [3] that the QWN-Euler operator ∆
where ∆ Q G (K 1 , K 2 ) and N Q K1,K2 stand for the QWN-(K 1 , K 2 )−Gross Laplacian and the QWN-conservation operator, respectively, given by
Throughout, for α 1 and α 2 non-zero complex numbers, we denote
Proof. For z ∈ N , by direct computation, the partial derivatives of the identity (2.7) in the direction z are given by
and
where, for z p ∈ (N ⊗p ) ′ , and
3) Then using Proposition 2.2, we get
On the other hand, we denote the right hand side of (3.1) by A Q , then we get
Hence by a density argument we complete the proof.
Motivated by Lemma 3.1, we get
Recall that, (see [11] and [3] ), the QWN-Fourier-Gauss transform G Q K1,K2;B1,B2 is defined by
where g l,m is given by
Note that G Q K1,K2;B1,B2 is a continuous linear operator from L(F * θ , F θ ) into itself. In the following we use the notation G Q for
Motivated by the classical case (see [19] ), we can show that
Proof. It suffices to prove the fact:
To prove (3.7) we need to prove the following identities
Let us start by the proof of (3.8). Let a, b ∈ N , then we have
So that, we get
On the other hand,
which is equivalent to
Hence by density argument we complete the proof of (3.8). To prove (3.9), let a, b ∈ N . Then by Lemma 3.1 we get
Therefore, using (3.10), we obtain
Hence by a density argument we complete the proof. 
Proof. Using (3.4) and (3.5), we can show that
Then by (3.6) and (3.5), we get
By a change of variables i + k = r and j + n = s, we obtain 
Then for a,b ∈ N , the Wick symbol of (∆
Therefore, using the fact that
we get the following equality
On the other hand, denoting the right hand side of (3.13) by I Q , then we have
Therefore, using (3.14), we get
Hence from the fact that
we get the desired statement by a density argument.
Remark 3.4. For ρ = 1 we find the integral representation of ∆ Q E appeared in [3] . The representation (3.13) is the QWN analogue of the following classical integral representation on the nuclear space F θ
Which gives for ρ = 1
Cauchy Problem Associated to the Power of the QWN-Euler Operator
Motivated by the classical Cauchy problem associated to the power of the Euler operator studied in [6] , we fix two non-zero complex numbers α 1 and α 2 such that
The Wick symbol of X α1,α2,ρ;t Ξ is given by
Lemma 4.1. The following properties hold true: 
3. Obviously {e 
Thus {X α1,α2,ρ;t } t≥0 is a differentiable semigroup with infinitesimal generator (N Q α1,α2 ) ρ .
Let α 1 and α 2 be two non-zero complex numbers with ℜ(α
It is obvious that
Theorem 4.2. Let α 1 and α 2 be two non-zero complex numbers with ℜ(α
Remark 4.3. Note that the solution (4.3) is the QWN analogue of the solution of the classical Cauchy problem studied in [6] .
Proof. From the continuity of G Q and Lemma 4.1, we deduce that {Y α1,α2,ρ;t } t≥0 is a differentiable one-parameter semigroup of operators on L(F * θ , F θ ) with infinitesimal generator (G Q ) −1 • (N Q α1,α2 ) ρ • G Q which is equal to (∆ Q E (α 1 , α 2 )) ρ by Theorem 4.2. Then we deduce that Y α1,α2,ρ;t Ξ is the unique solution of (4.2).
To prove (4.3), we use (3.5) to get X α1,α2,ρ;t (G Q Ξ) = Hence we get the desired statement. on L(F * θ , F θ ). Remark 4.5. Note that for ρ = 1, the solution in (4.4) coincides with the solution of the Cauchy problem associated to the QWN-Euler operator studied in [3] .
